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Abstract

In an unpublished manuscript, Alan Turing used an unproven lemma to give a construction
of absolutely normal numbers. A proof for the weaker version of the lemma was provided by
Becher et al in 2007 and they showed that the construction still holds. In this paper, we provide a
proof of a lemma using Talagrand’s concentration inequality which is stronger than that proved
by Becher et al but weaker than Turing’s hypothesis.



Introduction

Given a string a = (agay - - - as,_1) is given and a pattern p = (p;p2p3) where the alphabet is
the set {0, 1}, consider the following two sets:

1. Sy = {ilagiasi+1asi12 = p1p2ps}
2. Sy = {i|a;iaiy10i42 = p1paps}

We are interesting in finding the expected size of S; and S, and also the probability that the size
of S} or S, deviates from the expected size.

For the expected size,

For problem 1, define a random variable X; as follows:

v {1 ifi € S,

0 otherwise

Obviously, 0 < ¢ < (n — 1). Also, let X be the total number of matches. Then
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X = niXi = E[X] = E[ni X,| = B[X] = S E[X,] = S
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The above equation follows by applying Linearity of Expectations and from the fact that E[X;] =

s. Hence, E[X] = 2.

For the second problem, define the random variable Y; in a similar way.

y, — 1 if7 e ;Sjg
0 otherwise

Obviously, 0 < i < (3n — 3). Also, let Y be the total number of matches. Then

3n—3 3n—3 3n—3 3n—3
3n —2

Y=ZK-;‘E[Y]=E[ZYJjEm:ZEM:Z%: 8

i=0 =0

Here also, the above equation follows by applying Linearity of Expectations and from the fact
that E[Y;] = 1. Hence, E[Y] = 222,

Next comes the bigger question, a bound on the probability of deviation from the expected
value of n?

For the first question, it can be found using Chernoff’s Bound. Note that the variables X;’s
defined above are Bernoulli Random Variables independent of each other. Also, p = ¥ (already
shown above).

Using Chernoff’s Bound



Hence,
Pr(|X — p| > op] = Pr{(X < (1 =0)p) U(X > (14 0)u)]

=PriX <(1—=90)ul+PriX >(14+ul < eTHO%/2 4 omnd/A < 9p—nb?/2

In our case, p = 3. This gives us an inverse exponential bound.

However, for the second case, there is no direct method to get a concentration bound. Cher-
noft’s Bound won’t work because Y;’s are not independent. There is no trivial way to get a
concentration bound of the deviation of Y. Turing claimed a similar kind of bound for Y as
well but didn’t prove it. In 2007, [1] proved a lower bound for the same inequality and showed
that the proof where this inqquality was used is still valid with the weaker inequality. The
method used by used was very complicated and involved rigorous combinatorics arguments. In
this paper, we give a stronger bound on the inequality using application of Talagrand’s Inqeual-

1ty.

Turing’s Lemma

Definition Lett € N, r € N & ~ € {0,1}". Then,
1. S(w,~) is the number of occurences of v in w
2. P(t,y,n,R) ={we{0,--- ,t —1}¥: S(w,v) =n}
3. N(t,v,n,R) = #P(t,v,n, R)

The function NV returns the number of R length strings that have n occurrences of ~y. This is
not a trivial function due to the possible overlapping of different occurences of +. For example,
if v = 11 it occurs once in 1100, twice in 0111 and three times in 1111. Hence the event of
matching the r length substring at position ¢ is not independent of the event that v matches(or
not matches) the r length substring at position ¢ — r + 1---¢ + r — 1. Hopefully, if we only
consider the exact number of occurences of a given digit, the expression for /N becomes simple:
in the scale of ¢, there are only (t — 1)®~" R-length words with exactly n occurences of the
digit d in fixed places. Hence, the number of words of length R in the base ¢ with exactly n
occurrences of the digit d in some places is

N(t,d,n,R) = (7)(t — 1)f=n
Obviously,

ZOSnSR N(t7 d; n, R) =R

Unproved Turing’s Lemma. Lett ¢ N, r €¢ N & v € {0,1}", and let § € R be such that
6% < 0.3. Then,

2.7
Z\n—R/tT|>5 N(t,v,n,R) < ol e 5

5247

Prin — £| > 6] < 2e” "

Becher et al gave a substitution for the unproved Turing’s Lemma which is

Lemma. Lett € N, r ¢ N & v € {0,1}", and let ¢ be such that % <& < +. Then,

t"e2R

Z|n—R/t"|zaRN(ta 7, N, R) < 22 =2pe= 55
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As already mentioned, the above result involved fairly complicated combinatorial agruments.

Before going into the exact statement of Talagrand’s Inequality, it’s imperative to define
Convex Distance.

Convex Distance

e Vre[-1,1]VN &aec {01}V
We say that o supports r if

riZ0=aq,=1 i=1m---,N
(p=0=mr;=0 Vi)
e A, X C[-1,1]". The Combinatorial Support

ua(X) = {a € {0,1}Y|3z € X — As.t. a supports =}
e Combinatorial Hull

Va(X) = Convex Hull of us(X)

e Convex Distance
d.(X, A) is the distance of the combinatorial hull V4 (x) from origin.

Talagrand’s Inequality

In its purest form, the inequality is :
Let 2 = Q x {25 x ---€), be a probability measure product space. If A C (), then for any
t>0,

PrlA].PrlA] < et/

where A, is the annulus of radius ¢ around the figure A and A4, is its complement.
Ar={reQ:(Ax) <t}

In the above equation, is the Talagrand’s Convex Distance not the normal Euclidean Distance.

The above inequality can also be stated as follows:
Let Xy, X1, - , Xy be random variables and F' : R — R be a function such that the following
holds:

1. Vie{l,2,, N} |X;| > 1
2. X, are mutually independent

3. F'is convex i.e.
Let 17,75 € RY. F is convex if

F(ﬂ;rﬁz) < F(T?);FF(TE)



4. F'is co-ordinate wise 1—Lipschitz i.e.
Vi=1,--,N |F(X_2) - F(X_,y)| <|z—yl
keeping all variables except i*" intact.
Then the following result holds:

1. 3¢ > 0s.t. VA
Plw: |F(w) — MF| >\ < ce=

where M is the median of F'.

2. de>0s.t. VA
Plw: |F(w) — EF| >\ < ce™
where E is the expectation of F'.
Proof :
It suffices to show that for any convex set A C D (unit disk in N —dimensions)

1
0. Ee*M <
‘ = Plw: X(w) € 4]

It suffices to show that 0 = 1 and 1 = 2.
1 = 2 is straightforward because mean and expectation of a function don’t differ much which
can be reflected in the constant on RH S.

We need to show .
P[F(X) < 2].P[F(X) > y] < e~ clo=v’

The first term P[F ()Z' ) < x| can be visualized as a set A which is defined as follows:
A {ZeRY : F(2) < x}

SinceF’ is convex, hence A is also convex.
= We need to prove

el PIR(7) > y) < ﬁ

If we show that , ;
eclz—yl P[F(f) > y] < E[ecdm(X,A)]

[ecdm (XA < L we get

Then using 0 i.e £/ < Pheay

1

TP PIR(7) > 4] < Pz e

Hence, we need to show
QCII—yIQP[F(f) >y < E[ecd%l(X,A)]
Note that
e PIF(E) 2 4] < Bl 0] 4 e PIR(E) 2 ] = Ble
If F'is 1—Lipschitz,
|F(Z) — F(9)] < |7 — ]
= |7 —g] < [F7H(Z) — F7H(9)]
Hence, we can say that E[e¢*=%)°] < E[ecdn(X4)],

This implies
2 2
eclz—yl p[F(gg') > y] < E[ecdm(X,A)]

This completes the proof of Talagrand’s Inequality.
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Certifiable Functions

Let f(x1,--- ,x,) be areal valued function on a product space Q2 = [[. € [n]€2;. Function f is
r-certifiable if for every x = (xy,- -+, x,) € , there exists a set of indices J(z) C [n] s.t.

o [J(z)| <rx flz)
e if y agrees with x on the co-ordinates in J(x),then f(y) > f(z)

The set J(x) is said to be a certificate for J(x)

For example,let f be the number of heads in n coin tosses. We can consider the following
certificate for f
J(z) = {i : z; = 1}. Then J(z) < f(z) and whenever y agrees with x on elements in J(x).
Hence, f is 1-certifiable.

Talagrand’s Inequality for Certifiable Functions

Let f : 2 — R be r-certifiable and suppose it is 1-lipschitz with constant c(changing any co-
ordinate changes the value of the function by atmost ¢).Then for all £ > 0

Prif > E[f]+t <2- ¢ TEEDTO (1)
and .

Prif <E[f]—t] <2-e 150 )
where E|[f] is the expected value of f.

Example : Longest Increasing Subsequence

Given a sequence a := (ay,as, -+ ,a,), the longest increasing problem problem is to find a
subsequence of the given sequence such that the elements of the subsequene are in sorted or-
der, from lowest to highest and the subsequence is as long as possible i.e. a set of indices
1 <4 <ig <--- <i <nsuchthat z;, < ax;, <--- < x;, . It was shown by [2] that the
expeccted length of Longest Increasing Subsequence tends to 21/n as n approaches infinity.

We are interested in calculating the concentration bounds on expected length of Longest In-
creasing Subsequence. Let I(x) denote this value for a sequence x. Let the set of corresponding
indices in Longest Increasing Subsequence be denoted by J(z). Clearly, following properties
hold about J(x):

L I(@) = | (2)
2. |J| is a certificate for I(x)
3. I'is 1-Lipschitz
Hence, if X7, -+, X,, are uniformly independently in [0, 1], then for I = I(Xy,--- , X,,),
Pr[l > M[I] +t] < 2~ F/AMID  pri] < M[I) —t] < 2¢~F/4M U]
Substituting the value of M (I) = 2+/(n) in the above inequations, if ¢ = O(n1), we get
Pr{|I — M[I]| > t] < ploy(1/e)

Hence, I is actually confined to a very small interval of size O(ni ).
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Our application of Talagrand’s inequality

Let us consider the application of Talagrand’s inequality to our problem.

Let f be the number of matches of the r-length substring v in the R-length string w.
Jw)=A{i---i+r—1wli---i+r—1=~[1---r|}

This certificate stores all the matched positions in the string w.

Now,|J(w)| < r - f(w) with the maximum occuring when all matched indices are distinct(no
overlapping).

Also, if w’ agrees with w on positions .J(w), then the string w’ will have atleast as many matches
of  than w.Hence,.J(w) is a certificate for w. By direct application of Talagrand’s inequality.

52 52

Prllf = Elf)| > 8] £ 2- (77007 4 ¢ o) ()

Since E[f] = £.
Also, f is r-lipschitz since, changing value at a particular index can change the number of
matches by atmost the length of the pattern string v 1.e. r.
o7 5
Also,f =71 < 0.3
Hence, 0 < 0.3 - E[f]

Hence,
Pr{lf — Blf]| > 6] < 4- (¢ #=tisEm)
2
Pr(|f — Elf]| > 6] < 4- (¢ 70
5247
Prijn — £] > 6] < e 52:7R
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