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Primal-Dual Schema for LP

Primal Dual
n m

min E GiXj max § biyi
j=1 i=1

n m
s.t.Za,-J-ijb,-, i=1,...,m s.t.Za,-J-y,-gcj, j=1...,n
j=1 i=1

x>0 i=1,....n yi >0 j=1,....m

Primal Complementary Slackness Conditions

Let o > 1.
Then for each 1 < j < n: either x; =0 or ¢j/a < X7 a5y < ¢j.
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Primal Dual
n m

min E GiXj max § biyi
j=1 i=1

n m
s.t.Za,-J-ijb,-, i=1,...,m s.t.Za,-J-y,-gcj, j=1...,n
j=1 i=1

x>0 i=1,....n yi >0 j=1,....m

Primal Complementary Slackness Conditions

Let o > 1.
Then for each 1 < j < n: either x; =0 or ¢j/a < X7 a5y < ¢j.

Dual Complementary Slackness Conditions

Let 8 > 1.
Then for each 1 < i < m: either y; =0 or b; < Zleaijxj < B-b;.
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Theorem
If x and y are primal and dual feasible solutions satisfying the
conditions stated above then
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Primal-Dual Schema for LP

Theorem
If x and y are primal and dual feasible solutions satisfying the
conditions stated above then

n m
ZCJ‘XJ < a'ﬁ'zbiyi
=1 i—1

Proof
dgxi<a-d apgyi<a-B-) by
7 i i

The first inequality follows from the Primal Complementary
Slackness Condition whereas the second follows from the Dual
Complementary Slackness Condition.
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Primal-Dual Schema for LP

Algorithm

>

Start with a primal infeasible solution and dual feasible
solution, typically x =0 and y = 0.

Iteratively improve the feasibility of the primal solution and
optimality of the dual solution ensuring that a primal feasible
solution is obtained in the end and all conditions are satisfied
for a suitable choice of v and 5.

The primal solution is always extended integrally to ensure
final solution is integral. Need not be true for dual solution.

Cost of dual solution used as lower bound on OPT.

Approximation ratio of a8 by the theorem on previous slide.
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Primal

max C e X
st. AjeX < b Vje [m]
X>0
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» y=(y1,¥2,...,¥m) is the dual variable and
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Dual
Primal
min b -y
max C e X m
st. AjeX < b Vje [m] ZAij = C
X0 =t
y>0

» y=(y1,¥2,...,¥m) is the dual variable and
b= (b1, ba,...,bm).
» Strong Duality holds under Slater Condition.



Primal-Dual Schema for SDP

Dual
Primal
min b -y
max C e X m
st. AjeX < b Vje [m] ZAjyj = C
X0 =t

y>0

> y=(y1,Y2,...,¥m) is the dual variable and
b= (b1, ba,...,bm).

» Strong Duality holds under Slater Condition.

» Assume A; =l and by = R to get Tr(X) < R i.e. a simple
scaling constant. Present in most of SDP relaxation
combinatorial optimization problems.
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matrix X with objective value > « or a dual feasible solution
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Computing near optimal solution of a SDP using
Primal-Dual Approach

» Let current guess for optimum be a.

» Algorithm either tries to construct a primal feasible PSD
matrix X with objective value > « or a dual feasible solution
with value at most (1 + d)« for arbitrarily small 6 > 0.

> lteratively constructs X1, X(2) x®) .

» Starts with X(1) = %I.
» Takes help from an auxillary algorithm ORACLE. ORACLE's
task is to:

» Find X and y such that X = 0 andy >0
» Try to produce a feasible dual by the end whose value is at
most (1 4 &)« for some arbitrarily small 6 > 0
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MWT

MWT Algorithm

Fix e < 1 and let ¢ = —In(1 —€). In every round ¢, for
t=1,2,3,...
1. Compute
t—1
WO = (1 - XM — exp <_6/ (Z M(t)>>
T=1
2. Use the density matrix P(t) = % and observe the event

M),
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MWT Theorem
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MWT

MWT Theorem
The Matrix Multiplicative Weights algorithm generates density
matrices P(D), P2 P(T) sych that:

S M® 0 PO < (14 A (], M) 4 fnn

Proof Idea
Track changes in Tr(W(®)) over time and use Golden-Thompson
inequality.



MWT

Proof

Tr(W(ED)

= Tr(exp(— Z M

< Tr(exp(— Z M) exp(—e'M(1)))

=W e exp(—e/M(t))

<wW( o (- eM(t))

= Tr(W®). (1 — eM(®) o P(1))
< Tr(W®) . exp(—eM(t) o P(2))



MWT

Proof
Since Tr(W?) = Tr(l) = n, by induction,

Tr(WTH1) < nexp(— ZM(t o Pt
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product with the current solution matrix X(*)
» If the ORACLE manages to do this even for a small number of
steps, MWT theorem guarantees that the average slack matrix
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MWT

» A feasible dual is the one in which the slack matrix
S0 Ay - €= 0

» MWT theorem replaces ORACLE's task to be replaced by the
following steps:

» Focus on finding a slack matrix which has a non-negative inner
product with the current solution matrix X(*)

» If the ORACLE manages to do this even for a small number of
steps, MWT theorem guarantees that the average slack matrix
over these steps would be almost psd

» Saving:

Producing a psd matrix — linear condition



Computing near optimal solution of a SDP using
Primal-Dual Approach

Description of ORACLE

ORACLE searches for a vector b from the polytope
Do={y:y >0, b-y <a} such that

D (AjeXM)y; — (Cox®) >0 (1)
j=1
If ORACLE succeeds in finding such a y then X(t) is either primal

infeasible or has value C o X(Y) < o,
Proof. Suppose this is not the case. Then

Z(A o XM)y; — (CoeX) <> by, — (CoeXD) <a—a=0
j=1 j=1

which contradicts (1)



Computing near optimal solution of a SDP using
Primal-Dual Approach

» If ORACLE declares that there is no such y € Dy, then X(t) s
a primal feasible solution with objective value at least «

» y need not be dual feasible
» Primal-Dual SDP algorithm depends on width parameter, p.

width of ORACLE

Smallest p such that for every primal candidate X, the vector
y € D, returned by the ORACLE satisfies ||A;y; — C|| < p

» Higher width equals slow progress



Computing near optimal solution of a SDP using
Primal-Dual Approach

Primal-Dual Algorithm for SDP
Set X(Y) = Rl Lete= 2%?, and let ¢ = —In(1 —¢). Let
T = % Fort=1,2,...,T:

1. Run the ORACLE with candidate solution X(®).

2. If the ORACLE fails, stop and output X(9).

3. Else, let y(*) be the vector generated by ORACLE.

4

- Let M(®) = (xn, JyJ — C+pl)/2p.
5. Compute W(H) = (1 - 7M7) = exp( — ¢(52_,M(")).

(t+1) .
6. Set X(tH1) — T’le\\,lv(tﬂ) and continue.




Computing near optimal solution of a SDP using
Primal-Dual Approach

Theorem 1

In the Primal-Dual SDP algorithm, assume that the ORACLE never
2 p2

fails for T = %a';(") iterations. Let y = %‘el + %ZtT:ly(t).

Then y is a feasible dual solution with objective value at most

(1+9)a.

Proof.

...mmw used... O
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Approximating MAXCUT SDP for d-regular graphs

MAXCUT SDP in vector and matrix form (ignoring a factor of %).

max Z Hv,-—ij2 maxC e X
{ij}eE Vi e [n] X <1
Vi€ [n] :|vil* <1 X =0
Dual of SDP:
minX?_x;
diag(x) = C

Vie[n]:x; >0

» C is the combinatorial Laplacian of the graph.
» diag(x) is the diagonal matrix with the vector x on the
diagonal.



Approximating MAXCUT SDP for d-regular graphs

Combinatorial Laplacian of a graph

C=D-A

where D is the degree matrix of the graph (diagonal matrix with
diagonal entries as the number of edges incident on that vertex)
and A is the adjacency matrix the graph.

> Intuitively, Ci= Z,';,AJ'C{,'J} and C,J = —Cj

» If d is maximum degree of the graph, then 0 < C < 2d]I.
(Proof: Using xT Ax > 0)

» If v; are the vectors obtained from the Cholesky decomposition
of X, then Ce X = Xy; hepcpippllvi — vjl2

» When G is d-regular, C=1— %A



Approximating MAXCUT SDP for d-regular graphs

» nd < o < 3nd (Property of d-regular graph).
» Trace of optimal X is n.
» If width parameter p is O(d), then number of iterations is
O(log n).
» Each invocation of ORACLE and matrix exponentiation takes
O(m) time.
» Approximate Matrix Exponentiation by Johnson-Lindenstrauss

Dimension Reduction.
» Number of non-zero matrix entries in C is O(m).



Approximating MAXCUT SDP for d-regular graphs:
Description of ORACLE

» Given a candidate solution X, find a vector x > 0 such that
Z,‘X,‘ <« and Z,’X,'X,‘,' —CeX > 0

> Intuitively, to make X;x;X;; as large as possible, make x; large
whenever X;; is large.

» However, also ensure that x; < O(2) = O(d) to ensure the
width bound: ||diag(x) — C|| < O(d)

3



Approximating MAXCUT SDP for d-regular graphs:
Description of ORACLE

1. CeX < a. Setall x; = <. Since ;X;; = Tr(X) = n,
o
YixiXj—CeX> Ezixii —a=0

2. CeX > . Let Ce X = \a for some A > 1. Since C < 2dlI,
A =CeX <2nd. Also, « > nd. Hence, \ <2.
Let S := {i : X > )\} Let k := XZjcsXjj.
If k > §1n for some constant d7, set x; = AT‘”‘Vi €S and
xi=0Vi¢S. Then ¥ix; = |S|A7a < « since
k > Z,‘X,‘,‘ > A|5‘ Then
ixiXii — CeX=22%,.6X;; — Aa > 0.



Approximating MAXCUT SDP for d-regular graphs:
Description of ORACLE

3. Otherwise, we construct a feasible primal solution X of value
> (1 —0)a. Let v; be Cholesky decomposition of X.
Set Vi :=v; for i ¢ S and Vi = vq for i € S, for some fixed
unit vector vg. Let X be the Gram matrix of v'.
Let Es be the set of edges with at least one endpoint in S.
We have C o (X — X) > —Xijreksllvi— vj||?. Also,

S =yl S 2Avill? + vl

{ij}€Es {ij}€Es

<2d Y " |lvil]® +2d)|S| < 4dk < 451nd
i€eS

Hence C o X > Ao — 461nd. For error parameter 9, chogse
01 < %’\ to lower bound RHS by (1 — d)Aa. So X* = 1 X is
feasible with value > (1 — d)a.



Primal-Dual approach: Extension to minimization problems

» ORACLE finds a vector y from the polytope
Do={y:y>0,b-y>a} such that
L7, (AjeX)y; — (CeX) <O.

» Matrix exponentiation is computed with base (1 + €) rather
than (1 —e).

» Allow ORACLE to find a matrix F(Y) such that for all primal
feasible X, F(t) @ X < C @ X and a vector y() € D, such that

= (A o X)) — (FW e X) <0

» We can replace C by F) (which can be decided by us). If
F() < C, then since any primal feasible X is PSD, we have
F(t) ¢ X < C e X. So if suffices to find F*) < C.

» This is done to reduce the width parameter, p.

> M= (I, Ay — FO 4 p1)/2p



Primal-Dual approach: Extension to minimization problems

Theorem
In the modified Primal-Dual Algorithm for a minimization SDP as
described in the previous slide, if the ORACLE never fails for

T = w iterations, then y = Fer+ 7 2 1y(t) is a feasible
dual solution with dual objective va/ue at /east (1 —d)a.
Proof.

Similar to maximization theorem's proof. Ol



Matrix exponentiation

» 0 =1

> e3XebX — o(a+b)X \where 3 and b are reals

> exp(A + B) # exp(A) + exp(B) in general.

> exp(AT) = (exp A)T

» exp(A) is PSD for all symmetric A since
exp(A) = exp(3A)T exp(3A).

» Cholesky decomposition of exp(A) is exp(1A).

» Golden-Thompson Inequality:
Tr exp(A + B) < Tr (exp(A) exp(B))
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Undirected BALANCED SEPARATOR

Undirected Balanced Separator Problem

Given a graph G(V, E) with |V| = n,|E| = m, and capacity ¢, on
edge e € E, find the c-balanced cut with minimum capacity. A cut
(S,S) is called c-balanced if |S| > cn and |S| > cn.



Undirected BALANCED SEPARATOR

Undirected Balanced Separator Problem

Given a graph G(V, E) with |V| = n,|E| = m, and capacity ¢, on
edge e € E, find the c-balanced cut with minimum capacity. A cut
(S,S) is called c-balanced if |S| > cn and |S| > cn.

t pseudo-approximation

A t pseudo-approximation for minimum c-BALANCED SEPARATOR
problem is a ¢’-balanced cut for some constant ¢’ whose expansion is
within a factor of t of that of minimum c-BALANCED SEPARATOR
(¢! < et).



Undirected BALANCED SEPARATOR

Undirected Balanced Separator Problem

Given a graph G(V, E) with |V| = n,|E| = m, and capacity ¢, on
edge e € E, find the c-balanced cut with minimum capacity. A cut
(S,S) is called c-balanced if |S| > cn and |S| > cn.

Theorem
An O(log n) pseudo-approximation to the minimum c-BALANCED

SEPARATOR can be computed in O(m + n'®) time using O(log?(n))
single commodity flow computations.



Undirected BALANCED SEPARATOR

SDP
min Z Cellvi — ij2
e={ij}cE minC e X
it il = 1 Vi Xy — 1
k—1
Vp:T,eX>0
Vp Y lIvi = Vi 17 > [lvi = i [P ’

VS Ks e X > an?
X=0

j=1

VS > v — vj])? > an?

i,jeS



Undirected BALANCED SEPARATOR

Notations

>

v

Assign vectors v; to nodes in G. Let X be the Gram matrix of
these vectors.

C is the Combinatorial Laplacian of the graph.

For any subset S of the nodes, Kg is defined to be the
Laplacian of the graph where all nodes in S are connected by
edges, all other edges are absent.

S| > (1—¢€)n
For a generic path p = (i1, iz, ..., ix) of nodes in the complete

graph, T is the difference of the Laplacian of p and that of a
single edge connecting its endpoints i1 and .

a=4[c(l—c)—¢



Undirected BALANCED SEPARATOR

Dual Program

maxe,—i—an ZZS
C > diag(x) Z foTp+ ZZSKS
Vp,S : fp, 25 >0

Notations

» Variable x; for every node i, f, for every path p and zs for
every set S of size at least (1 — €)n
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» Tr(X)=n
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Undirected BALANCED SEPARATOR : Oracle

» Let a be the current guess of the solution.

» Let X be the current solution generated by the Primal-Dual
algorithm.

» Tr(X)=n

» Using MWT Theorem for minimization problems, ORACLE

needs to find variables x;, f, > 0,zs > 0 and a matrix F < C such
that >, x; + an® ¢ zs > o and

diag(x) e X + > f,(Tp, @ X) + > s zs(KeX) — (Fe X) <0
> |f the ORACLE succeeds, then the matrix returned as feedback is
M = diag(x) + >, fpTp + > s zsKs — F
> ORACLE needs to ensure a width of é(%)
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Implementation: Basic Idea

» Given a candidate solution X, check if all Xj; are O(1).

» If a significant fraction of them aren’t, punish X by setting x;
in a similar way as in MAX-CUT

» Check if Ky o X > Q(n?)
» If not, set zs appropriately to punish X.



Undirected BALANCED SEPARATOR : Oracle

Implementation: Basic Idea

» Given a candidate solution X, check if all Xj; are O(1).

» If a significant fraction of them aren’t, punish X by setting x;
in a similar way as in MAX-CUT

» Check if Ky o X > Q(n?)
» If not, set zs appropriately to punish X.
» If both the above conditions are satisfied, do a flow

computation and interpret f, variables as multicommodity flow
in the graph.



Undirected BALANCED SEPARATOR : Oracle

Lemma 1

For at least a 35 fraction of directions u, there are efficiently

computable sets S and T, each of size at least @, such that for
anyieSandjeT, (vJ-—v,-)-uZﬁi/n



Undirected BALANCED SEPARATOR : Oracle

Lemma 1
For at least a 35 fraction of directions u, there are efficiently
computable sets S and T, each of size at least @, such that for

anyieSandjeT, (Vj—Vi)'UZﬁi/n

Proof Idea
Consider the Gaussian beahviour of projections on a random vector
u the median value of v; -u=m
S={i:vi-u<m-4}
T={i:vi-u>m}
5= _-2a_
~ 48/n



Undirected BALANCED SEPARATOR : Oracle

Lemma 2

Let S C V be a set of nodes of size Q(n). Suppose for all i € S,
vectors v; of length O(1) are given such that

>ijes llvi— v;||?2 > Q(n?), and a quantity . Then there is an
algorithm, which, usmg a single max-flow computation, either
outputs a valid O(Ic’g(” <)-regular flow f, such that

> fijllvi = vj||?> > a, or a c’-balanced cut of expansion

O(log(n)%).



Undirected BALANCED SEPARATOR : Oracle

Lemma 2

Let S C V be a set of nodes of size Q(n). Suppose for all i € S,
vectors v; of length O(1) are given such that

>ijes llvi— v;||?2 > Q(n?), and a quantity . Then there is an
algorithm, which, usmg a single max-flow computation, either
outputs a valid O(Ic’g(” <)-regular flow f, such that

> fijllvi = vj||?> > a, or a c’-balanced cut of expansion

O(log(n)%).
Proof Idea

Using Lemma 1
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ORACLE Description
Given a candidate solution X, the ORACLE runs the following steps
(set all unspecified variables, including F to 0)
1. Assume, WLOG, X117 < Xop < -+ < X, Define
h—(l—e)n—l—l If Xpn > 2, set x; = == for i > k and
X; = (1 E)n for i < k. Then,

diag(x) e X = Z X,,+Z

i>k

§—3-2-6n+

- ( _e)n-(n—Zen)SO

Since all x; = O(%), [[diag(x)|| < O(7)
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ORACLE Description

Given a candidate solution X, the ORACLE runs the following steps
(set all unspecified variables, including F to 0)

2. Assume that for all but en exceptional nodes /i, X;; < 2. Let
W= {i:X;<2}and S:= V\W. Since |S| > (1 —€)n so

we have Ks ® X > an? in the SDP. If K5 e X < % choose

zg = 20‘ and all x; = —%. Then,

n

2
<—al+a2K5>oX<a—oz:O
an

Since, 0 < Ks < nl, || — ¢ SKs|l < O(%)

an2



Undirected BALANCED SEPARATOR : Oracle

ORACLE Description

Given a candidate solution X, the ORACLE runs the following steps
(set all unspecified variables, including F to 0)

3. Assume Ks e X > "’7”2 and vi,vo,...,v, be the vectors
obtained from the Cholesky decomposition of X. For all nodes
€S, |vi|? <2 Also, KseX > 22 implies
i jes Vi = vill” > 2.

Try satisfying path inequalities by using multicommodity flow
and Lemma 2 (either we can find a nice flow which gives
substantial feedback or a cut with desired expansion, i.e, a
near-optimal integral solution).
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ORACLE Description : Notations

» f, is the flow on a path p.

> fo is the flow on edge e; fo := > _ 1p.

» f; is the total flow through a node; f; = ZpE'P; where P; is the
set of paths starting from /.

» f; is total flow between nodes i, j; f; = ZPGPU fp where Pj; is
the set of paths from /i to j.

» A valid d-regular flow satisfies the following constraints:

» Ve: f. <ce
» Vi, <d
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ORACLE Description
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ORACLE Description

» Apply Lemma 2 to set S.
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ORACLE Description

» Apply Lemma 2 to set S.

» If a cut of desired expansion is found, stop.
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ORACLE Description

» Apply Lemma 2 to set S.

» If a cut of desired expansion is found, stop.
» If a valid d-regular flow is obtained which satisfies
> fillvi — vj||? > a, where d = O(ilog(n”)a).
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ORACLE Description

» Apply Lemma 2 to set S.

» If a cut of desired expansion is found, stop.
» If a valid d-regular flow is obtained which satisfies
> fifllvi — vj||? > a, where d = O(%).
» F := Laplacian of the weighed graph with edge weights ..
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ORACLE Description

» Apply Lemma 2 to set S.

» If a cut of desired expansion is found, stop.
» If a valid d-regular flow is obtained which satisfies
> fiillvi — vj||? > a, where d = O(ilog(n”)a).
» F := Laplacian of the weighed graph with edge weights ..
» Capacity constraints f, < ¢, imply that F < C
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ORACLE Description

» Apply Lemma 2 to set S.

» If a cut of desired expansion is found, stop.
» If a valid d-regular flow is obtained which satisfies
> fiillvi — vi||?2 > a, where d = O(ilog(n”)a).
» F := Laplacian of the weighed graph with edge weights ..
» Capacity constraints f, < ¢, imply that F < C
» D := Laplacian of the complete graph where only edges {/, j}
with i € S and j € T have weight f; and rest have 0 weight.
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ORACLE Description

» Apply Lemma 2 to set S.

» If a cut of desired expansion is found, stop.
» If a valid d-regular flow is obtained which satisfies
> fiillvi — vi||?2 > a, where d = O(ilog(n”)a).

» F := Laplacian of the weighed graph with edge weights ..

» Capacity constraints f, < ¢, imply that F < C

» D := Laplacian of the complete graph where only edges {/, j}
with i € S and j € T have weight f; and rest have 0 weight.
DeX = Zu fijllvi — vj||2 > 2« (Using Lemma 2).

v
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ORACLE Description
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ORACLE Description

» Setall x; = %, and all zs = 0.
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ORACLE Description

» Setall x; = %, and all zs = 0.
> >, fT,=F-D
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ORACLE Description
» Setall x; = %, and all zs = 0.
> >, fT,=F-D
» Thus the feedback matrix becomes

diag(x) + F — D — F = diag(x) — D

Then (S1 - D)eX < a—a=0.
Also, since the flow is d-regular, 0 < D < 2dl. Hence,
—2dI <21 -D =<7l



Undirected BALANCED SEPARATOR : Time Complexity Analysis

» Assume that graph is preprocessed using algorithm of Benczdr
and Karger

> p= O(M) and R = n. Thus the number of iterations

n
from Theorem 1 is O(Iog3(n)).
» Each iteration involves at most one max-flow computation
v!hich can be done by Goldberg and Rao’s algorithm in
O(n'®) time since there are O(n) edges.

» We also compute, in each iteration, an approximation of
Cholesky decomposition of the matrix exponential by
projecting on a random O(log n) dimensional subspace. Since
there are only O(log3(n)) iterations and each iteration adds at
most O(n'®) demand pairs in the max-flow computation, the
matrix exponential has only O(n'®) non-zero entries and can
be computed in O(n'?) time.

» Thus running time is é(m + n*9)
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Undirected SPARSEST CUT

Undirected Sparsest Cut Problem
Given a graph G(V, E) with |V| = n,|E| = m, and capacity ¢, on
edge e € E, find the cut (S, S) with minimum expansion,

E(S,S)
min{|S|,|S|}



Undirected SPARSEST CUT

Undirected Sparsest Cut Problem
Given a graph G(V/, E) with [V[ = n,[E[ = m, and capacity ce on
edge e € E, find the cut (S,S) with minimum expansion,

E(S.5)
min{|S|,|S[}
Theorem
An O(log n) pseudo-approximation to the SPARSEST CUT can be
computed in O(m + n®%) time using O(log?(n)) single commodity flow
computations.



Undirected SPARSEST CUT

SDP
min Y cellvi = vil|?
e={ij}€E
k—1 min C e X
vp: Z HV"j B V’-j+1H2 > Hvil - Vl'kH2 Vp: Tp eX >0
= JeX =0
I ZV"HZ =0 Tr(X)=n
X =0

1
> vill?=n
i

J is the all ones matrix.



Undirected SPARSEST CUT

SDP
_ Dual Program
minC e X
Vp: T,eX>0
JeX =0 max nx
Tr(X)=n xl—i—prTP—i—zJjC
X =0 p

Vp:f, >0
J is the all ones matrix.



Undirected SPARSEST CUT : Oracle

Lemma 3

Given for all i € V, vectors v;, such that for some constant 41,

n? > > llvi— vj||?> > (1 — 61)n?, and a quantity o. Then there is
an algorithm, which, using a single max-flow computation, outputs
either,
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Lemma 3
Given for all i € V, vectors v;, such that for some constant 41,
n? > > llvi— vj||?> > (1 — 61)n?, and a quantity o. Then there is
an algorithm, which, using a single max-flow computation, outputs
either,
1. avalid O(%)-regular flow f,, such that 3 fllv; — vil|2 > «,
or,
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Lemma 3
Given for all i € V, vectors v;, such that for some constant 41,
n? > > llvi— vj||?> > (1 — 61)n?, and a quantity o. Then there is
an algorithm, which, using a single max-flow computation, outputs
either,
1. avalid O(%)-regular flow f,, such that 3 fllv; — vil|2 > «,
or,

2. a cut of expansion O(*), or,
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Lemma 3
Given for all i € V, vectors v;, such that for some constant 41,
n? > > llvi— vj||?> > (1 — 61)n?, and a quantity o. Then there is
an algorithm, which, using a single max-flow computation, outputs
either,
1. avalid O(%)-regular flow f,, such that 3 fllv; — vil|2 > «,
or,
2. a cut of expansion O(*), or,
3. a set of nodes S C V of size Q(n), such that for all i € S,
Ivill? = 0(1), 3 jes lIvi — vill* = Q(n?)



Undirected SPARSEST CUT : Oracle

ORACLE Description

Given a candidate solution X, the oracle always sets x = <. Since
xl @ X = ¢, it now needs to find f,,z and F < C such that

a—i—Zf peX)+z(JeX)— (FeX)<0

It runs the following steps:
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ORACLE Description

Given a candidate solution X, the oracle always sets x = <. Since
xl @ X = ¢, it now needs to find f,,z and F < C such that

a—i—Zf peX)+z(JeX)— (FeX)<0

It runs the following steps:

1. If J e X > §1n?, for some small constant d7, then set
z=— so that z(J e X) < —a. Also, |21 —zJ|| < O(%)

o
61”2'
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ORACLE Description

Given a candidate solution X, the oracle always sets x = <. Since
xl @ X = ¢, it now needs to find f,,z and F < C such that

a—i—Zf peX)+z(JeX)— (FeX)<0

It runs the following steps:
1. If J @ X > §1n?, for some small constant 67, then set
5.2 so that z(J e X) < —a. Also, |71 —zJ]| < O()

2. Assume J @ X < 61n° and vi, Vs, ..., Vv, be the vectors
obtained from the Cholesky decomposition of X.
JeX = n?*> > llvi— vj||? > (1 —d1)n?. Apply lemma 3.

ZzZ = —
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ORACLE Description
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ORACLE Description

» If from the previous step, a cut of expansion O(%) is obtained,
output it.
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ORACLE Description

» If from the previous step, a cut of expansion O(%) is obtained,
output it.
> If we get a flow f, such that 37, fi|lv; — vj||*> > a, define F

and D to be the flow and demand graph Laplacians
respectively and proceed as in step 3 of undirected BALANCED
SEPARATOR.
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ORACLE Description

» If from the previous step, a cut of expansion O(%) is obtained,
output it.

> If we get a flow f, such that 37, fi|lv; — vj||*> > a, define F
and D to be the flow and demand graph Laplacians
respectively and proceed as in step 3 of undirected BALANCED
SEPARATOR.

» Finally if a set of nodes S C V of size Q(n) is obtained, such
that for all i € S, ||v;]|> = O(1) and
>ijes lvi— vi||? > Q(n?), apply lemma 1 to S.
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ORACLE Description

» If from the previous step, a cut of expansion O(%) is obtained,
output it.

> If we get a flow f, such that 37, fi|lv; — vj||*> > a, define F
and D to be the flow and demand graph Laplacians
respectively and proceed as in step 3 of undirected BALANCED
SEPARATOR.

» Finally if a set of nodes S C V of size Q(n) is obtained, such
that for all i € S, ||v;]|> = O(1) and
>ijes lvi— vi||? > Q(n?), apply lemma 1 to S.

» If a cut of small expansion is obtained, stop.
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ORACLE Description

» If from the previous step, a cut of expansion O(%) is obtained,
output it.
> If we get a flow f, such that 37, fi|lv; — vj||*> > a, define F
and D to be the flow and demand graph Laplacians
respectively and proceed as in step 3 of undirected BALANCED
SEPARATOR.
» Finally if a set of nodes S C V of size Q(n) is obtained, such
that for all i € S, ||v;]|> = O(1) and
>ijes lvi— vi||? > Q(n?), apply lemma 1 to S.
» If a cut of small expansion is obtained, stop.
> Else if a d-regular flow such that 3=, fi|lv; — v;||*> > a is
obtained, proceed as before.
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Undirected BALANCED SEPARATOR : Oracle

Lemma 1
For at least a 3% fraction of directions u, there are efficiently

computable sets S and T, each of size at least 155, such that for
anyie€SandjeT, ((v)j—v,-)-uzﬁ



Undirected BALANCED SEPARATOR : Oracle

Lemma 1: Proof
> Since > |lvi — vj||?> > an? and ||v; — vj| < 2,

S lvi=vill > §n*.

» Thus for any node /,
)
Sn° s D= il <My = vill F lvi = vl < 0> i = vl
Jjk Jjk J

So,
S v =il > 2n
, =2
J



Undirected BALANCED SEPARATOR : Oracle

Lemma 1: Proof
» Since the maximum value of |lv; — vj|| is 2, there must be at
least gn nodes i such that ||v; — v;|| > 2.
» Define a stretched pair as a pair of nodes /,, such that
Vi-u—vj-ul>5 \/ The Gaussian nature of projections

guarantees that this occurs with probability 5. Thus,

11 a a
E[#stretched pairs] > = - = - = n’
[#stretched pairs] > 5 578" "= 35"
» Since there are atmost n pairs, for at least 55 fraction of

directions u, we have 64n stretched pairs.



Undirected BALANCED SEPARATOR : Oracle

Lemma 1: Proof

» Let u be such a direction. Define § = ﬁi/n and m to be the
median value of v; - u

» Definesets L= {i:v;-u<m-—4},
M= ={i:vj-ue[m-4 ml},
Mt ={i:vi-ue[mm+d]}, R={i:vi-u>m+d}.
Thus, any stretched pair has at least one node in LU R.

» At least one of L or R has size at least ;55n, as otherwise the
number of stretched pairs is less than 2- 5zn-n= Zn
(contradiction).

> If [L] > 13gn, set S = L, T=M"UR.

» |T| > 5 as T is the set of all points with projection higher
than median.



Undirected BALANCED SEPARATOR : Oracle

Lemma 2

Let S C V be a set of nodes of size Q(n). Suppose for all i € S,
vectors v; of length O(1) are given such that

>ijes lvi— vj||> > Q(n?), and a quantity . Then there is an
algorithm, which, using a single max-flow computation, either
outputs a valid O(@)—regular flow f, such that

> fillvi — v;||2 > a, or a c-balanced cut of expansion

O(log(n)%).



Undirected BALANCED SEPARATOR : Oracle

Lemma 2 : Proof

>

What we seek: A d-regular flow f, for d := M where 3
is a sufficiently large constant.

Choose a direction represented by a unit vector u at random.

Since Ks @ X > Qn?, thus >ijes|lvi— vi||?2 > Qn?

Using Lemma 1, we can find sets S and T of size cn each, for

some constant ¢ > 0, such that forall i€ Sandj € T, we
have (v; —v;)-u> \7,1 for some constant 0 > 0

Using Gaussian nature of projections, with very high
probability, for any pair of nodes i, we have

(4~ ) -ul < O(vIog(rn) - 11



Undirected BALANCED SEPARATOR : Oracle

Lemma 2 : Proof

» Thus with constant probability, we get sets S and T such that
for all nodes i € S and j € T, we have ||v; — vj|? > oa(m for
some constant v > 0

» If this is the case, connect all nodes in S to a single source and
all nodes in T to a single sink with edges of capacity d each.
Let f, be the max flow in this network. Suppose the total flow
obtained is at least % log(n) - . Assume that all flow
originates from a node i € S and ends at some node j € T.
Then,

S filvi—vil2 > Llog(n)-ax 1 =2a

i€SJjeT 2 |og(n)

if 6 =2




Undirected BALANCED SEPARATOR : Oracle

Lemma 2 : Proof

> If the total flow obtained is less than % log(n) - «, by
max-flow-min-cut theorem, the cut obtained is also at most
this size. This is ¢/2-balanced, since atmost
% log(n) - «/d = ¢n/2 source (and sink) edges can be cut.

a

Thus cut expansion is O(log(n) - %)



Undirected SPARSEST CUT : Oracle

Lemma 3

Given for all i € V, vectors v;, such that for some constant 41,

n? > > llvi— vj||?> > (1 — 61)n?, and a quantity o. Then there is
an algorithm, which, using a single max-flow computation, outputs
either,
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Lemma 3
Given for all i € V, vectors v;, such that for some constant 41,
n? > > llvi— vj||?> > (1 — 61)n?, and a quantity o. Then there is
an algorithm, which, using a single max-flow computation, outputs
either,
1. avalid O(%)-regular flow f,, such that 3 fllv; — vil|2 > «,
or,



Undirected SPARSEST CUT : Oracle

Lemma 3
Given for all i € V, vectors v;, such that for some constant 41,
n? > > llvi— vj||?> > (1 — 61)n?, and a quantity o. Then there is
an algorithm, which, using a single max-flow computation, outputs
either,
1. avalid O(%)-regular flow f,, such that 3 fllv; — vil|2 > «,
or,

2. a cut of expansion O(*), or,
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Lemma 3
Given for all i € V, vectors v;, such that for some constant 41,
n? > > llvi— vj||?> > (1 — 61)n?, and a quantity o. Then there is
an algorithm, which, using a single max-flow computation, outputs
either,
1. avalid O(%)-regular flow f,, such that 3 fllv; — vil|2 > «,
or,
2. a cut of expansion O(*), or,
3. a set of nodes S C V of size Q(n), such that for all i € S,
Ivill? = 0(1), 3 jes lIvi — vill* = Q(n?)
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Lemma 3 : Proof

Given vectors v; such that n? > > llvi— vj|I?> > (1 — 61)n?, run

the following steps,

1. For a node i and radius r, let B(i,r) = {j : |lvi —vj|| < r}. If

there is a node / such that for some constant d5,
|B(i,d02)] > n/4, then any iy € B(i, d7) satisfies
|B(io,2d2)| > n/4. Find such iy by random sampling. Define
L = B(ip,202), and R = V\L. For j € R, define
d(j, L) = minjeg |lvi — vJH2 Then, since
> llvi— vill2 > (1 - 61)n?, >_jerd(, L) = {5 for suitable

choice of 41, 0>. Define k := % k= 0(1)
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Lemma 3 : Proof

Given vectors v; such that n? > > llvi— vj|I> > (1 — 61)n?, run

the following steps,

1. ...

Connect all nodes in L to a single source with edges of
capaaty 10’“" and all nodes in R to a single sink with edges of
capacity %2 and compute the max-flow. If the flow saturates
all source and sink nodes, then

10« )
> filvi—vil? =3 == d(, 1) > a

icLjeR JER
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Lemma 3 : Proof
Given vectors v; such that n? > > llvi— Vi[> > (1 —61)n?, run
the following steps,

2. If the flow doesn't saturate all source and sink edges, then let
the number of nodes in L in the resulting cut connected to
source be ns and the number of nodes in R connected to the
sink be ns. Then the capacity of the graph edges cut is at
most 10T“(|R| — kns — nt), and the smaller side of the cut has
at least min{|L| — ns,|R| — n:} nodes. Thus, expansion of cut

: k
is at most 1%2 = O(2).
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Lemma 3 : Proof
Given vectors v; such that n? > > llvi— vil|2 > (1 —61)n? run
the following steps,

3. For all nodes i, let |B(i,d2)| < n/4. Then it can be easily
checked that there is a node i such that |B(i,+/2)| > %n.
Find ip, by random sampling, such that |B(i,2+/2)| > @n.
Let S = B(i,2,/2). Since for every i € S, |B(i,2)| < n/4,
>ijes lvi— vj||> > Q(n?). Output S.



Matrix Exponentiation

Complexity of computing exponential of a matrix

» No fast algorithm known. Still an area of active research.
» Special cases:

1. Exponential of a diagonal matrix: A diagonal matrix whose
diaogonal elements are exponential of diagonal elements of
original matrix.

2. Projection Matrix (P? = P):
exp(P) =14+P(1+ 5 +---)=1+(e—1)P

3. Nilpotent Matrix (P = 0): exp(P) =1+P+&; T ('; o

» Other techniques include using Laurent Series, Sylvester's
Formula, etc.
> If Y is invertible, then eYXY ™" = YeXY 1. This gives a O(n)

algorithm for matrix exponentiation.



Matrix Exponentiation

» |dea: only approximate computation suffices.

m
> ORACLE finds y such that » "(A; e X(1)y; — (C e X() > 0.
j=1
» Let vi,vo,...,v, be vectors obtained from Cholesky
decomposition of X(Y) such that
X = vi vy = 3lvill? + 12 = livi = vl = 0.
» ORACLE needs to find appropiate variables s; and t;; such that
isillvill® + Zytyllvi — v;|* > 0.
» Vectors v; obtained from Cholesky decomposition of
X(®) = exp(M) are simply the row vectors of exp(3M).

» Since we are only interested in norms, we can try
Johnson-Lindenstrauss dimension reduction.



Matrix Exponentiation

Johnson-Lindenstrauss Lemma
Given 0 < € < 1, a set X of m points in R” and a number
n> 8ln n/e2, there is a linear map RV — R” such that

(1= @)llu = [ < [If(u) = F(W)]* < (1 + ¢)llu —v[?
for all u,v € X.

» v; are the vectors obtained from Cholesky Decomposition of
X,

» Project the vectors v; on a random d = O(loégzn) dimensional
subspace, and scale the projections by \/g to get vectors Vv'.

» With high probability, ||v/||? and ||v} — V;-H2 are within (1 + )
of Ivill2 and [Iv; — vj 2

> Rl(Jr; ORACLE for X’ in a way that its feedback is also valid for
) 28
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